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General Instructions

Reading time — 5 minutes
Working time — 3 hours

Write using black or blue pen
Board-approved calculators may
be used

A table of standard integrals is
provided at the back of this paper
All necessary working should be
shown in every question

Examiner: D.M.Hespe

Note:

Total marks — 120

®

Attempt questions 1-8

All questions are of equal value,
the mark value is shown beside
each part.

This is an assessment task only and does not necessarily reflect the content or
format of the Higher School Certificate.



Total marks - 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet.
(a) Find

@) f sinx dx

(i) flx - d
+X

(iii) f tan3x d

=z
2

(b) Evaluate f X

using the substitution ¢ = tan—é.

1+ cosx

(¢) Given that In=f(lnx)”cbc, n=0,1 2 .,
d 1

show that I, =e-nl .

o8
d) Ifx=—-u,
(d 1

(i) Show that tanx =

ala

(i) Hence or otherwise, show that f In(1+ tanx) dx = —g—ln.‘?..
0
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Question 2 (15 marks) Use a SEPARATE writing booklet.

(@) Explain the flaw in this “proof” that i = -i. 2
i =i '

(b) u=-3-4i and v=1-i are two complex numbers. Express in the form
x+iy, where x and y are real:

G .a-v 1
iy 24 2
v
i) . 2
(c) On an Argand diagram sketch the region defined by 2

{z:—%sargzs—:ﬂlzlsl}.

(d (@) Ifa, b are the complex numbers represented by the points A and B on 2
an Argand diagram, what geometrical properties correspond to the

modulus and argument of b ?
a

(i) Show that, if the four points representing the complex numbers z,, z,, 4

2,-2,)(2,~2
(2, 2)( 3 4) must be real.

23, & nd z, are concyclic, the fraction
(25-25)(2,-2)
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Question 3 (15 marks) Use a SEPARATE writing booklet.

(@ Reduce to irreducible factors over the complex field: x3- 4x%+7x - 6. 3

(b) Find the polynomial f(x) of the fourth degree such that 4
f0) = f(1) = 1, £(2) = 13, £(3) = 73 and f'(0) = 0.

(¢) (i) Prove thatif P(x) has a 'root of multiplicity m, then P(x) has a root 2
of multiplicity m - 1.

(i) Find the value of c if the polynomial 5x°-3x3+c¢ has a positive 3
repeated root.

(d) Let a, B, ybe the roots of the equation x*+px+q = 0, where ¢ = 0. Find, 3
in terms of p and g, the coefficients of the cubic equation whose roots are
at, ', and ¥

EX2TRIAL.WPD ~4— SBHS
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Question 4 (15 marks) Use a SEPARATE writing booklet.

(a) Solve the simultaneous equations: 4
xt+xy+y?=17,
2x2-xy+y? =28,

(b) Show that if b2 < 4ac, the value of the function ax?+ bx + ¢ will have the 2
same sign as a for all real values of x.

(©) (i) By considering the expression x2-2xy + 5y?+2x - 14y +k as a 4
quadratic function of x, show that it is positive for all real values of x
and y if & >10.
(ii) Show that if & = 10, the expression may be written in the form ' 4

(x+py+q)* + (ry +s)%, and hence find the simultaneous values of x and
y for which the expression is zero.

(ili) Deduce the minimum value of the expression for a general value of . 1

EX2TRIAL.WPD . -5 SBHS



Question 5 (15 marks) Use a SEPARATE writing booklet.

(a) A particle P of mass m starts from rest at a point O and falls under gravity in
a medium where the resistance to its motion has magnitude mkv, v being the
speed of the particle and & is a constant.

(i) Draw a diagram to show the forces acting on the particle during this
downward path, and hence write down the equation of motion.

(i) Show that the expression for its velocity v at any time ¢ is given by

ve £(1-et)

(iii) Explain what is meant by the ferminal velocity and find an expression
for the terminal velocity V.

(b) A second particle Q, also of mass m, is fired vertically upwards from O with
initial speed u, so that P and Q leave O simultaneously.

(i) Draw a diagram to show the forces acting on the particle during this
dewnward path, and hence write down the equation of motion.

(l\\‘ ey

(i) Find an expression for the time ¢ when Q comes to rest.

(c) Show that, at the instant Q comes to rest, the velocity of P is given by:
Vou

Veu

EX2TRIAL.WPD —6—
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Question 6 (15 marks) Use a SEPARATE writing booklet.

—~ 72
(@ (1) Show that if x is real, the expression (x-2)
between -4 and 0. X

cannot take any value

(if) Sketch the graph of the expression.

k-2 k e s
(iii) Show that the equation ~~—=2- = = has three real roots if k is

x-1 x
positive, but only one real root if & is negative.

(b) For z=r(cosO+isin0), find r and the smallest positive value of © which
satisfy the equation 2z° = 9 +3/3i.

(c) Using the method of shells find the volume of the solid formed when the
region bounded by the curve y = x?+1 and the x-axis between x = 0
and x = 2 is rotated about the y-axis.

(d) Explain why, if lim (\/n2+n —n) = lim (nx‘/l+l —n), then the limit is
n—oo n

n 00
not zero, but a half.

EX2TRIAL.WPD —1-
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Question 7 (15 marks) Use a SEPARATE writing booklet.

(@) Find the rational roots of x*+2x>-17x2-18x+32 = 0 using the substitution 2

(b)

©

EX2TRIAL.WFD

2

y = x“+x, or otherwise.

(i) Prove that the medians of a triangle are concurrent at a point which is 3
a point of trisection of each median. [A median of a triangle is a line
from a vertex to the mid point of the opposite side.}

(ii) If the medians of triangle ABC meet at G, and AG is produced to X so 3
that AG = GK, prove that the triangle BGKX is similar to the triangle
whose sides are equal in length to the three medians.

(ifi) Also show that the area of the triangle whose sides are equal in length 2
to the medians is 3% of the area of triangle ABC.

(60, 30) | 5

Cross—section AA’
(not to scale)

Barcan sand dunes are parabolic in plan view and are triangular in cross

. . -1 3
section with the inner face having an angle of repose of tan 3 to the
horizontal and the outer face at tan‘l-:; to the horizontal. The figure above

shows one such dune (dimensions are in metres). Calculate the volume of
sand.

-8— SBHS
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Question 8 (15 marks) Use a SEPARATE writing booklet.

(@ (i) A circular disc, centre A, of radius a, rolls without slipping along the 3
axis of x. Initially the point P on the edge of the disc is at the origin
of coordinates. Prove that, when the radius AP has turned through an
angle 0, the coordinates of P are: x = a(0 - sin0), y = a(1- cos0).

(i) The length, ¢, of a curve, y = f(x), is given by 3

b
2
c=f 1+(iy-] dx.
dx

When P is again in contact with the axis of x, prove that the length of
its path is 8a.

(b) Sum the series, n being a positive integer, 4
1+ xcosx + x2cos2x + x3cos3x + - +x "cosnx.

© @ A Prove that, in general, three normals can 3
Ak, k) be drawn from any point to a parabola.
B
E
E o x
(i) Also show that if P;, P,, and P, have coordinates (x;, ¥y, (x5 Y9, 2

and (x, y,) respectively, then x;+xy+ X5 = 0.

End of paper
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(d)
Let z=xcis@, for real x

zn+l_l
z-1
2
Re(l+z+ 2 +2 +... 42 )=1+xc0s0+ x*c0os26 +... + " cosnb
(De Moivre’s Theorem)

2 3 ”
l4z+4z2 +2 +...+2 =

z-1

s+l
1+ xcos8+x°cos28 +...+x"cosnf=R -Z-———-l) ‘/
So
2 =1 x™eis(n+1)8=1 _ x™ cos(n+1)8-1+ix™" sin(n+1)0 /
=1 xcis@-1 - xcos@—1+ixsin@
x™cos(n+1)@—1+ix"sin(n+1)8 xcos@-1—irsin@
xcos@—1+ixsin@ xcos@—1-ixsing
a+ib _ a+ib
(xcose—l)z +xsin?@ X cosf0-2xcosf+1+x’sin’6

a+ib
Xt =2xcos@+1

n+l .
27 -1 a-+ib a
S =R =
ORC{ z~1 ) e[xz-Zxcosﬁ+1) x*—2xcos+1

From above
2™ -1 a+ib
2-1  x?-2xcos@+1

So a=(xcos8—D]x"" cos(n +1)0~1] + x™ sin(n + 1)(xsin6)
= x"?cosBcos(n +1)8— x™ cos(n +1}0 - (xcos€ - 1) + x™ sin(n +1)8sin 6
=1- xcos8 + x" cosBcos(n + 1)+ x"sin(n +1)9sin @~ x" cos(n +1)8
=1-xcos + x"” cosnf— x"" cos(n + 1)@ v/

1- xcos8 + x™ cosnf—~ x™ cos(n +1)8

1+ xcosf+x2cos20 +...+ x"cosnf=
e 1-2xcosd + x° /

Q8-3

. Lﬁ‘ .F,Q\.\*ﬂ.xt5x3*¢g,v+¢(1-:!-*e-

-‘..(.f.q.*:_)(, -x + / l s
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/na,./ ﬁoq‘; E~tb+rv-h,
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A =m(x—.<)“?m ,.QL_,(\"'}C;@
%y ~%~/ﬁ~l' o '

= C‘"‘\mz‘"" Gy + e y

- =t
oY, 4&.\,: & 5.

A 7 — bk
"”\\j' + - b

}/ - 3 o

. st

/,.»-"' YT - . -
" ‘ﬂ/f P = rlr‘3x3+c=o

Dl =@ (v #T)
e Gt Q"-"_)‘:@"i’) _
. f‘Q‘-"V\ (%=t = AN (n=r N{a.) ‘

—

r @ > 1 g = o

o — . e r— —_
~ — .

. e o — g 3 -
: '/'wf/eu aqax.saf-.?bxy,cuua-gt. s ('31’\"'3 &)+ =0

C = 2l -

/h"""l 1[(/0\ = O 134" -3
. Cc = /62
Tt f=o / ‘-1_)’
T

@ /?,M x,ai—,ax_¢7/=—o —
.ﬁ(l\ = { Mﬁ:—.ﬁ_ =>u_=.:f7/c-;@
. './0:../—6..; e o '—— A
1£(>\:-"=. 3

Ff_’d,-a-vbi-f. =0 ) — A
Len = 73

(fy‘\l"l"-? *¢ =0

/ ﬂary 4-;/73&0
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On the x-axis PP’ = a@ since there is no slipping / o te ﬁL /; h)m
Let £ PAP'=0=> /PAM = 6% sin(90°~.4) = cos 4 v b e
Y=a+05iﬂ(9—§)=a—asin(§—9)=a(l—cose)"/ cos(90° — 4)=sin4 e, »
X =ab-acos(3-6)=ab-acos(8~%)=a(f—sin@ sin(~4) =—sin 4 ;o 5
/ cos(—A4)=cos 4 - A 'L‘— .[/;4/ 'fj
x=a(6~sin6) y=a(l-cos) _ € Zf
%:a(l—cose) %=asin6 » '9/&'/ = ;é' p (
» 7 ,//'[['Z / @/.
d 2 ing
Y _ 48 _asing, __Ssmb _ I
dx dx - a{l1-cos@)  1-cosh #] 2 A 1 - ek guid - sn
& ot e e
, towidlecd 11 f o0
@Y sind Y [(1=cos8) +sin’6 YL
Jl+(dx) —\/H(I—cos()) _V (1-cos6y *
N Il—2c056+c0520+sin26 ')
| (1-cos6) , J )
_ [2=2c00 _ 21-cose) ___ 2 / i i’“)} )
VY (1-cos8y’ V(1-cos6? i—cosd . : 0%( 74,,«/
We need to use the following substitution . . 1 "
x=a(f-sinf) | : atk JV
dx = a(1- cos8)do CE- -%A(}';ﬁ/}m
0<6<2m VAL e ‘- Y [;,Au.}
. NS L
s VAR A

e~ "t (S
~ o /J@)
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